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max 3xy + 4x, — 6x3 min  2x; + 9% — 5x3
st. xxt+x—x4 =7 st. 2xy +x —6x3 <6
X1,X2,X3 =0 X17X27X3>0
X1, X2, X3 are integers x; € {0,1}
pure integer linear program mixed integer linear program
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Five projects are being evaluated over a 3-year planning horizon. The following
table gives the expected returns for each project and the associated yearly
expenditures.

NHmS | BFERE | F1E | F2F | F34F PRk
1 5 1 8 20
2 4 7 10 40
3 3 9 2 20
4 7 4 1 15
5 8 6 10 30
PR E 25 25 25

Which projects should be selected to maximize the return?
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i x ZRNIE j,j=1,...,5 PR
|1 JERTIHE)
Tl Rz
T3 ] R ] FASE

max 20x; + 40x; + 20x3 + 15x4 + 30xs
s.t. 5xy +4x +3x3 + 7x3 + 8x5 < 25
X1 + 7xo + 9x3 + 4x4 + 6x5 < 25
8x1 + 10x> + 2x3 + x4 + 10x5 < 25
x;€{0,1} Vj

Hrp = AARFERLR AR B = AR R A
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RIETE B S5, BRIZBAN1TE A NFYMYARSME, NManfaEe?
o HJFIEWMIH 1, 3, 5 FEZ HEERE D
» x1+x3+x <1

o MOBUEBIIH 2 yo%rp, HHACHIE 3 1 5 #akH
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MARITE B SR, BRIZEA A DLURRIMILT RS, A falEasi?
o HFIEWIH 1, 3, 5 FEZHEEEE -
» x1+x3+x <1
o BRI E 2 Hokrh, Y EACYTIE 3 #1 5 #kH

» SIAIH 3+ <20+ 15 % <x,0 < x
» WATDAFZ B K M 754
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o GRBAHEREE L SRS, B x e {0,1} BN 0< x5 < 1,V), HET
e S BIR rALliETs, FRATATRG
x1 ~ 05789, % = x3 = x4 = 1, x5 ~ 00.7368, A HIZZERIFARIHE 0-1 £
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o UISRBANE EHAERIUSZ A, NArEZREIESN 1, BREAZER
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o [, P& AR —FUFRISR T
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o To promote on-campus safety, a college's security department is in the
process of installing cameras at selected locations. The department wants to
install the minimum number of cameras while providing a surveillance
coverage for each of the campus main streets. It is reasonable to place the
cameras at street intersections so that each camera serves at least two streets.
The eight candidate locations are given in the figure, indexed by 1 through 8

o Provide an ILP formulation of the problem.

1) Street A ri) Street B @

Street K

Street C

Street (7

Street J

Street D

()
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i x R EEMNE jj=1,...,5 BB RERGLIREK

{1 EFEALE) DA ER G
Xj = N
0 RZ

BN B AR i/ IMERIGSK AN FAEIEX B — R, B E D4
RGLEEE, XAy

8
min ZXJ
j=1

st. xi+x=1, x+x3=>1ERKASB
xs+x5=1, xx+xg=>1HEHKCED
x6 +xr=1, xo+x=>1HEHRESF
xi+xe>=1, xa+x=>1EHKGSH
xo+x=>1, xs+xg=>1EKI5J
x3+x5 =1, JEIK
x;€{0,1} V j
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o In some applications, we have two types of costs: an initial and a cost per
unit of time. The initial cost ("set-up” cost, fixed charge ) is incurred only at
the start the activity/service. The cost per unit of time is incurred during the
period of the activity/service

o Mathematically, given the fixed charge F; and the unit cost ¢; of some
activity j, the cost of activity j over a period of time Xx; is given by

Fi+cx ifxp>0
0 otherwise

PRRERY: B 12 11 /43
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o There are three mobile-phone service providers in a given area, ABell, BBell
and CBell.

o ABell charge a flat fee of $16 per month plus $0.25 per minute.
o BBell charges $25 per month and $0.21 per minute.
o CBell charges $18 per month and $0.22 per minute.

o A customer needs to sign up for a service for an average of 200 minutes of
monthly calls. Which company should the customer subscribe for the service
to minimize the cost of the monthly phone bill?

o Formulate the problem as ILP.
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i 1,2,3 73515%K ABell, BBell, CBell, 5IAZE&E y; 28 EXNEINAF K

R ERRRE AR TR IR SS
=V mx
AN, SIAZE x; FoRIREHRIMKE, BN
x; = [ERBE AT | RGN

The fact that the customer will choose among the three providers for total of 200
minutes can be modeled as

x1 + x2 + x3 = 200

The maximum subscribed time x; is 200 minutes for provider j only if the provider
is selected for the service
0 < x; < 200y; for all j

PRRERY: B 12 13 / 43
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16y1 + 0.25x1 + 25y» + 0.21x, + 18y3 + 0.22x3

] R TR A N
min  16y; + 0.25x3 + 25y, + 0.21x> + 18y3 + 0.22x3
st. x1+x +x3 =200
x;—200y; <0V
xi=z0Vj
Y €{0,1}Vj
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Suppose you have two constraints and you can choose only one of them.

o For example, the constraints may represent two alternative resource
consumption relations

o The machine production times is given by

3x1 + 2x <250 machine 1

x1 + 4x2 <600 machine 2

o The company needs to purchase a machine and can afford to buy only one
machine. How can we model this requirement within ILP setting?
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o —RIERTTZR: 51N 0-1 BR y FoRE AL 1

1 dEEELESL
R4

L M AN EFERRET, a1 M= 1000, W ERARSEISHE AT S -

3x1 + 2x2 <250 + M(1 — y) machine 1
x1 + 4xp <600 + My machine 2

o A similar idea can be used for selection of k out of m constraints, where k
and m are given positive integers with k < m

PRRERY: B 12 16 / 43
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o Some of the ILPs have a special structure that allows us to “ignore” integer
constraints and solve them as LPs and still obtain integer solutions

o Such a class of ILP problems is rather small; one such problem that we have
seen is

» Transportation problem with integer supplies and demands

o Most of the ILP problems do not have the special structure

<o

These are solved using Branch-and-Bound (BB) algorithm

PRRERY: B 12 17 / 43
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PRRERY: B

min

Denver | Miama | Supply
LA 80 215 1000
Detroit 100 108 1500
New Orleans 102 68 1200
Demand 2300 1400

80x711 + 215x75 + 100x21 + 108x25 + 102x31 + 68x35

x11 + x12 = 1000
Xo1 + X0 = 1500
x31 + X3 = 1200

LA

Detroit

New Orleans

x11 + Xo1 + x31 = 2300 Denver

X12 + Xo0 + x3p = 1400 Miami

xj=0VYij

12
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o Let A be the matrix that captures the linearly independent constraints (the
last row is linearly dependent on the first four rows)

o Ax = b represents the first four constraints
o What makes the transportation model special is the structure of the matrix

o A corresponding to the independent "equality constraints” Ax = b.

= O O
O O o
= O = O
o O o
= = O O
O = OO

o The matrix is totally unimodular (TU).

PRRERY: B 12 19 / 43
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Totally Unimodular

A matrix A is totally unimodular if every square nonsingular® submatrix has
determinant +1 or -1.

4A square matrix is nonsingular if it is invertible.

A condition for an m x n matrix A to be totally unimodular is

The matrix A is totally unimodular if it has the following properties
o Every column of A contains at most two non-zero entries
o Every entry in A is 0, +1, or -1

o The rows of A can be partitioned into two disjoint index sets B and C, such
that
» If two non-zero entries in a column of A have the same sign, then the row of
one is in B, and the other is in C;
» If two non-zero entries in a column of A have opposite signs, then the rows of
both are in B, or both in C

PRRERY: B 129 20/ 43
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1100 00
A:OOllOO
0 00011
101 010

o For our matrix A, we can see that the conditions are satisfied with
B={1,2,3} and C= {4}.
o Not all ILP problems are with such a nice structure.

o To solve the general ILPs, we need a special algorithm that can deal with the
integer nature of the variables

PRRERY: B 12 21/ 43
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o Suppose we are facing the problem

max 9x; + 5xo + 6x3 + 4xy
s.t. 6x3 +3x +5x3 +2x4 < 10

x3+ x4 <1

xe{0,1}j=1,...,4

o There are 2* possibilities for the variables x;. We can enumerate them all and
find the best decision.

PRRERY: B 12 23 /43



o One way to represent these options is through the use of a "binary” tree

o The places where the decision tree branches are referred as nodes.
o The nodes at the end of the branching tree are referred as leaf-nodes
o Our feasible points are at the leaf-nodes of this decision tree.

o We could build the whole tree and then explore the objective value at
leaf-nodes

o But, this is not efficient.

o Branch-and-Bound (BB) algorithm is an efficient approach that builds the
tree "as needed” and searches the nodes of the tree efficiently.

PRRERY: B 12 24 /43
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o BB is an iterative algorithm that at each iteration branches the tree and
possibly prunes the tree (fEf% 53 X LA BY#%) until the solution if found.

o

o Each node in a tree corresponds to a subproblem of the original problem.
AN RO L ) R ) — - [l

o Each iteration involves the following operations:

» Branching - deciding on from which node to branch among the "active” nodes
in the tree TEIEERAYT R RETEME N1 503 X

» Bounding - operation that is performed at each created node to decide on
which nodes to be fathomed (pruning the branches), It amounts to solving the
corresponding subproblem at each node. TERMT b SKETIAE, DANZTE
A AL B AL

» Fathoming - in essence pruning the tree. Based on some test and the bound
values at the "active” nodes, the algorithm decides on nodes that can be
discarded. This step also includes a termination criterion. MRIBEF NI 4L
IS SR, FE&FARLE R AR E IR R S I
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o The initial node in the tree corresponds to solving the LP relaxation of the
given problem

o LP relaxation is the problem resulting from the given ILP when we "ignore”
integer constraints of the variables

o This node is "active” and it is the most recent.

PRRERY: B 12 26 / 43
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o Branching. Among the most recently created nodes that are "active” select
one (braking ties according to the largest bound). Branch from that node by
fixing one of the "relaxed” variables to 0 and 1 (in the node subproblem)

o Bounding. At each new node, solve the corresponding LP problem and
determine the optimal LP value. Round the non-integer value down (to the
nearest integer). This is the bound of the subproblem at the node. (F4{—
MRS

o Fathoming. For each new node (subproblem) apply the following three tests:

» Integer solution. If one of the new nodes has integer solution, its bound is
compared to the bounds of other such nodes. If it does not have the best
value - it is fathomed. If it has the best value it is fathomed and it is our
current best solution (incumbent JZ4 A IEFR AR, AR TR)

» Bound value. If any of the new nodes has a bound smaller than currently the
best bound - fathom the node.

» Infeasibility. If LP at any of the new nodes has no solution (not feasible) -
fathom the node.

2o MEmErh,  RRYS TR R AREN R 2
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o Stop when there are no more subproblems (no branching). The node with the
best value provides the solution.

o Otherwise perform a new iteration.

PRRERY: B 12 28 / 43
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max 9x; + 5xo + 6x3 + 4x4

subject to 6x; + 3x2 + 5x3 + 2x4 < 10

X3+ x4 <1

xe{0,1} j=1,...,4
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o At the initial node, we would solve its LP relaxation

max 9xy + 5xo + 6x3 + 4x4
subject to 6x; + 3x2 + 5x3 + 2x; < 10

x3+x3 <1

0<x<1j=1,234

o Using LP algorithm, we find the optimal value (5/6,1,0,1) and the optimal
value z = 161.
o If the solution and the optimal value were integers, we would stop.

o Since it is not, this value gives us 16 as the best lower bound on the optimal

value of the ILP (blb = 16) (&4 NARIE HiAE AT SR 5 7]
AR B AR R ECE (B NI R
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The initialization and moving to the first iteration

(5/6,1,0,1) 16 o
. (D ©)

PRRERY: B 12
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We branch from the LP relaxation (ALL node) into two new nodes corresponding
tox; =1and x; =0.
At node x; = 1 we solve the following LP
max 9+ 5x, + 6x3 + 4x4
st 3x +5x3+2x4 <4
x3+x4 <1
x3 <1
—xo+x4 <0

0<x<1j=234

PRRERY: B 12 32/ 43
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HIRERERTE
At node x; = 0 we solve the following LP

max 5xp + 6x3 + 4xy
st 3x+5x3+2x4 < 10
x3+x <1
x3<0
— X+ x4 <0
0<x,<1j=23,4

(5/6,1.0,1) 16 @L)
C i e W

%] C;_j @ incumbent
(1, 4/5,0,4/5) 16 (0,1,01) Z'=9

Node to the right is incumbent and fathomed (no branching there ever). Node to
the left is the only active node and most recent
PRRERY: B 12 33 /43
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We branch from the node x; = 1 going to nodes x, = 1 and x, = 0.
At node x; = 1 (also we have x; = 1), we solve the following LP

The solution is (1,1,0,1/2) and the optimal value is 16.

PRRERY: B

14 + 6x3 + 4x4

st bx3+2x4 <1

x3+x3 <1

12

34 /43



At node x; = 0 (and x; = 1) we solve the following LP

max 9+ 6x3 + 4xy
st bx3+2x <4

x3+x3 <1

x3 <1

xs <0
0<x<1j=3,4

The solution is (1,0,4/5,0) and the optimal value is 133. We round this value
down to 13

PRRERY: B 12 35 /43
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(5/6,1,0,1) 16 @
A o @ incumbent

(1,415, o 4/5)\16 0.1,0,1) Z*=9
= @ @
(1,1,0,1/2) 16 (1,0,4/5,0) 13

At this point, we have two active nodes that are also the most recent (the two at
the level x,).
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We branch from the node x, = 1 since it has a larger bound of the two active
nodes (16 and 13).

We create two new nodes x3 = 1 and x3 = 0.

At node x3 = 1 (branch x; = 1 and x = 1), we solve the following LP

max 20 + 4x,

st xg —2

X
NN N
= o

o x

<1

N
&

This LP has no solution - it is infeasible. We fathom this node.
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We now create node x3 = 0 (x; = 1,x, = 1). At this node we solve the following

LP

max 14 + 4xy
st 2x3 <1
xs <1
0<x <1

The solution is (1,1,0,1/2) and the optimal value is 16. This node remains active.

PRRERY: B 12 38 /43
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(5/6,1,0,1) 16 @
X o @ incumbent

(1, 4/5,0, 4/5)16 ©01,01) Z'=9

(1,0,4/5,0) 13

(1,1,0,1/2) 16

& fathomed

At this point, nodes x, = 0 and x3 = 0 are active.

PRRERY: B
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We branch from the node x3 = 0 since it is a more recent of the two remaining
active nodes.

We create two new nodes x4 = 1 and x; = 0.

At node x4 = 1 the problem reduces to: having a point (1,1,0,1) and the "LP of
the form”

max 20

st. 2<4
1<0
1<1

The LP has no solution - it is infeasible. We fathom this node.

PRRERY: B 12 40 / 43



We now create node x5 = 0
At this node we have the following LP

max 14

0<1

and the point (1,1,0,0) being feasible. The optimal value is 14. This node
becomes a new incumbent node. A new best value is Z* = 14.
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(5/6,1,0,1) 16 o
A o @ incumbent

(1, 4/5, "0 4!5)\16 ©0.1,01) Z'=9

"2@@)

(/‘(0 112\15 (1,0,4/5,0) 13

= @ @ (1,‘1,0. 1/2) 16

& fathomed

EA @ @ New incumbent

2 fathomed (1,1,0,0) Z*=14

At this point, only the node x, = 0 is active. Its value is smaller than the current
best Z* = 14, so we fathom this node. Since no node is active, the algorithm
terminates. The optimal point and the value are given by the solution and the
value at the best incumbent node, namely (1,1,0,0) and Z* = 14
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