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o A Trader wants to invest a sum of money that would generate an annual
yield of at least $10,000

o Three stock groups are available: blue chips, com and high tech, with
average annual yields of 10%, 25% and 35%,respectively

o Though com and high-tech stocks provide higher yield, they are more risky,
and the Trader wants to limit the amount invested in these stocks to no more
than 40% and 30%, resp., of the total investment

o Problem: What is the minimum amount the Trader should invest in each
stock group to accomplish the investment goal?

PRRERY: B 11 6 /61
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o Consider the communication network between stations 1 and 7

» Messages are sent from station 1 to station 7.

» Each link in the network may or may not operate.

» The probability that a link will operate is shown on each arc.

» Problem: Find the most reliable route, i.e., a route that will maximize the
probability of a successful transmission.

PRRERY: B 11 7 /61



[AJE L

o PERIER — RIRER
o RIRIITEPR — HIREEEL
o PRIRFSZHIRRA — LI

PRRERY: B 11 8 /61



£t IR VIR

o PRZER: x1, 0 RN SRR R T
o EFREREC AEERAIE: max50x; + 60x;

o LIRS MEHEAIIRHI: 0.6x1 + 0.4x < 20,000, 0.5x; + 0.5x < 10, 000,
x120 x%=0

LMK AR

max z = 50x; + 60x,
subject to

0.6x1 + 0.4x, < 20,000
0.5, + 0.5x, < 10,000
X1, Xo =0

PRRERY: B 11 9 /61
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Z=aixy + -+ anXp
Hrr o NATENZEL
o FTBE ARG N St S XA EK

axi+-r+xn < b
caxi+ -+ cxn=b

Xy 4+ cxp=>b

H ¢, b NEGETERISEL
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min z=14¢ +5x

st.oxy+x =2 .
! 2 min z=4x1 + 5x

2X1 — Xo = 0
s.t. 3x1 +2x =2
2x1 —xp =0
X1, Xo are integers

min z=4x1 + 5x
rTe e, x1,0€{0,1,2,...)

s.t. x1xp = 2

2x1 —xp =0

PRRERY: B 11 12 / 61
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fin] it
max z = bxy; + 4xp
s.t. 6x1 +4x < 24

x1+2x <6
0

X1,2xp =
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o The constraint set is a polyhedral set (intersection of finitely many
half-spaces)
o The intersection of any of two lines (corresponding to two different
constraints) defines a corner or a vertex (%)
» In our example, the vertices are A = (0, 0), B = (0, 3), C = (3, 1.5), D = (4,
0), (0, 6), and (6, 0)
o Some vertices are feasible for the problem, and some are not

» In our example, A, B, C, and D are feasible (belong to the constraint set),
while (0, 6), and (6, 0) are not feasible (lie outside of the constraint set)

PRRERY: B 11 15 / 61



Objective z = 5x; + 4x, to be maximized

P 6oy tha, =24

6 gyt UL 24
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o PRANTEIE— RN LR A N B B AR LP SKRARTTIES, HUZ bk
7% (cplex, gurobi, E=[ copt &) FIFHJRLE (coinor-clp, Ipsolve 5F) H
EHR T

o BAEILINSLE, R LP (Al L bR Y

SHuTHTCEICIIE N 2R R EN, FEE, ERRER T, FENME— D R, Fit,
—RERFMEREE (ellipsoid method) BXAIAIE (interior point method) TEBAZRMERRKIRETE 2 WX
[FRN
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o BRI EREIE A LP 54

max(min)z = c1x1 + Gxo + - + CpXp
subject to aj1xy + apxo + - + ainx, = by

ax X1 + axnxo + -+ + apXxp, = by

amiX1 + ameXo + +++ + amnXp = bm

x120,%>0,....,x,=>0

o m NMERAHR, n NMEMTE, BHm

N

n
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FAHRTTIR

o = FFEMLAHR: BI—MEIRZERE (surplus variable)
o < B TI—Masthas & (slack variable)
o NIRFIFFERAEE: BN TR ZE

o FPEHTSIARIZERENARDY, AASth S BRI AL B AE HARRR B IR
BN 0

PRRERY: B 11 21 /61



aNvl

PRI
RE min  z=3x; + 8x2 + 4x7 — 4xg
min  z= 3x; + 8xx + 4x3 st. X1 +x0—Xx3 =8
st. x1 +x =8 2x1 — 3% + x5 =0
2x1 —3x <0 X — X =9
X =9 X1, X2, Xa, X5, X6, X7, Xg = 0
x1,x2 = 0

x3 BEHME x7, xg 1V, WICREFLE
?ZIKIEJ@EPO Z‘IXEH', m=3n=7
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Bt

o For a problem in the standard form a basic solution is a point
x = (X1,...,X,) that has at least n — m coordinates equal to 0, and satisfies
all the equality constraints of the problem

max(min)z = c1X; + GXo + -+ + CpXp
Subject to a11X1 + a1eXo + -+ + ainXx, = by

ax X1 + axnXs + -+ + apX, = bo

amiX1 + ameXo + -+ + amnXn = bm
o If the point X has all components nonnegative, i.e., x; = 0 for all j, then X is a
basic feasible solution (FER[{Tfi#E)
o Otherwise, (i.e., if X; < 0 for some index j), X is basic infeasible solution (k&
ARAIATHR)
A R FRREIARIRES
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quAe] FHARET TR IR EL R

o If the problem is not in standard form, bring it to the standard form

o Basic solutions are determined from the standard form as follows:

>

v

v

PHRZIE R

Select n — m out of n nonnegative inequalities (coordinate indices) i,
x; = 0,i=1,...,m and set them to zero

x; =0 for a total of n— m indices j (nonbasic variables JF3&
Substitute these zero values in the equalities: we have m unknown variables an
m equalities

Solve this m x m system of equations: we obtain values for the remaining m
variables (basic variables 4% i)

If these m (basic) variables are nonnegative, we have a basic feasible solution;
otherwise, a basic infeasible solution

FI‘FE)

i 11 26 / 61
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JR 7Y
max z=5x; + 4x
s.t.bxy + 4x + x3 = 24
X|+2X% +Xx4=06

max z=5x; + 4x
s.t.bx; + 4x < 24
X1+ 2x <6
X1, % =0 X1,X0,X3,X4 = 0
o We have m = 2 and n = 4. Thus, when determining the basic solutions, we
set 2 indices to zero

o Suppose we choose indices 1, 2 and set x; = 0 and x, =0
o Substituting these in the equations yields: x3 = 24 and x4 = 6

o Corresponding basic solution is x = (0,0,24,6) and it is a basic feasible
solution

o In this solution, x; and x, are nonbasic variables, while x3 and x4 are basic
variables

PRRERY: B 11 27 / 61



155 AR TT IR SR R

o MR EEE, BATRIAT CHEFAERIUMRN, ) RIUE—EMTH TN
o BRI AT I — i P R TR SR AR R P AL e
g HE EAEATATE BRERRE

xi,% 3,15 = 21
x1,x3  6,-12 ih NA
X1, X4 4,0 = 20
xo,x3 3,12 = 15
X2, X4 6, -6 |7:|< NA
X3, X4 24, 6 7?5 0

» Thus, the optimal solution is x1 = 3,x2 = 1.5,x3 = 0, and x4 = 0 and the
optimal value is z = 21.

» In this case, we have only one solution

» Computing the objective value for each feasible solution

» BN ATAZE UK 2R 5 [ RTR AR R TR L

PRRERY: B 11 28 / 61
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TR, TR
o B HERAER TN

o Given an LP in the standard form with m equations and n variables, the
number of basic solutions is

PRRERY: B 11 29 / 61



I 55 AR AR — N 75Tk

X R, %5 AR
o B BIERIFE TR
o Given an LP in the standard form with m equations and n variables, the
number of basic solutions is
nin—1)(n—-2)...(n—m+1)
m!

o Say m = 4 and n = 8, then there are 70 solutions
o Itis hard to “manually” list them all and find the best

o We will use a more efficient method (simplex method) to perform a
“smarter” search (selectively moving to a better point)

PRRERY: B 11 29 / 61
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JR A PRI
max z=5x; + 4x max z=5x; +4x
s.t.bx; + 4x < 24 s.t.bx; +4x + x3 = 24
X1+ 2x <6 X1+2x%+x4=06
X17X2>0 X17X27X37X4>0

o The basic variables are also referred to as a basis. #7258 —M& gL p
o Every basis has exactly m variables.

o Substituting these in the equations yields: x3 = 24 and x4 = 6

PRRERY: B 11 31/61
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UL
@ Choose an initial basic feasible solution
@ Check if it is optimal (if yes, we are done)

» Suppose we choose x3 and x4 as basis

» We solve the equations in terms of x; and x» to find the basic feasible solution
corresponding to this basis

» When x; = x2 = 0, we have the basic feasible solution “readily” available
X1 = 07X2 = 0,X3 = 24,X4 =6

Basis Equations RHS Values
(z3) 6x1 + 4xo + 23 =24
(14) z1 + 222 +z4=06

Item 2: Is this optimal?

SHHTIRIFAIR, FA UGG AAERER, AR R, Qe R4, R AT 32
Bertsimas & Tsitsiklis &1 Introduction to Linear Optimization
PRRERY: B 11 32 /61
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g 4 AR S AR

o Express the cost in terms of nonbasic variables
z=>5x; +4x

o In the basic solution (0, 0, 24, 6) the nonbasic variables are zero.
o Would increasing any of these values increase the objective value (max)?
o Yes, actually increasing either x; or xo would improve the cost.(IUE%: Jfaf

VIR x 8 x HUEUE? )

o So we can choose any of these variables, say we select x;.

PRRERY: B 11 33 /61



BANEIAR P BR— R RS (cont.)

— PR fR] B AR A6 B (LR 75 TR

Basis Equations RHS Values
(z) — row z—5x1 — 42 =0

(z3) 6z, + 4x5 + 3 =24

(za) 1+ 222 +za=6

o There are negative coefficients in z—row (associated with x; and xz)

o The variables with negative coefficients indicate directions of
improvement for the objective value (when maximizing)

o Current basic solution (0,0,24,6) is not optimal: x; or x, can be increased to
improve the z—value

o Next step: move to a better basic feasible solution by taking either x; or x; in
the basis

Suppose we choose x;

<

PRRERY: B 11 34 /61



AT T %A (cont.)

o BHTEAE
o BT RS RN N AR
o fde iU
B
o We have x3 and x4 as current basis and the nonoptimal solution (0, 0, 24, 6)

o We selected variable x; to enter the basis, but one of the current basic
variables, x3 or x4, has to leave the basis

X1 entering the basis means that x; value is increasing from its current value 0

<o

o Is there anything prohibiting us to increase x; as much as we want?

o The answer is the constraint equations

PRRERY: B 11 35 /61



Basis Equations RHS Values
(z) — row z — 5z1 — 412 =0

(z3) 6x1 + 4x2 + 23 =24

(a) z1+ 222 +x4=06

6x1 4 422 4+ 23 = 24 == 1z can be at most 24/6 = 4
X1+ 20+ 14 =6 == 11 can be at most 6/1 =6

o The variable corresponding to the smaller ratio leaves the basis.

o Thus, x3 leaves the basis. The new basis is x; and x4.

PRRERY: B 11
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BTN N T Y LS B L P 1 TH%: In other words, we need to resolve the

relations to express the new basic variables x; and x; in terms of nonbasic
variables x, and xs.

Basis Equations RHS Values
(z) — row z — 5z1 — 4x2 =0

(1) 6x1 + 4x5 + a3 =24

(xa) z1+ 22 +za=06

FEHERTEITE (Gauss-Jordan elimination)

PRRERY: B 11 37 /61



Gauss-Jordan: Divide the equation by 6 to have coeff. of x1 equal to 1

Basis Equations RHS Values
(2) — row z—5r1 — 42 =0
2 1
(1) 1+ gmz + 8503 =4
(x4) z1 + 2x2 +a2=206

Gauss-Jordan: Eliminate z; from the second equation

Basis Equations RHS Values
(2) — row z— 5x1 — 42 =0
(1) T 4
xr xr —xT —XT =
1 1 i 2 ? 3
(CI}4) ng — g$3 + x4 =2

HHIFERTATREN (4,0,0,2)

PRRERY: B 11 38 /61
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Gauss-Jordan: Eliminate x; from the z-row in the last table

Basis Equations RHS Values
2 5
- -= = =20
() — row z 3:;2 + 69133
(z1) z1+ 372 + 573 =4
() 22— Zaa e =2
xa 3.’1?2 6.’.1:'3 ra =

o The current basic solution is not optimal! Why?
o Thus, we have to perform another iteration.

o Which of the currently nonbasic variables, x, or x4, when increased will result
in increased z-value?

PRRERY: B 11 39 /61
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o BT AR
o BEHTELAR SO B A
o Fui L
BT
o We have x; and x4 as current basis

o We select variable x> to enter the basis, but one of the current basic
variables, x; or xz, has to leave the basis

o Which variable will leave the current basis? Perform ratio test

PRRERY: B 11 40 / 61



Basis Equations RHS Values

2 5
(z) —row z = E:cg + gxa =20
2 1
(z1) a1+ gz2+ g%s =4
4 1
(334) §$2 - 61’3 + g = 2

2 1
$1+§$2+g$3=4 == xcan be at most 4 = 6
3
4 1

5m276m3+m4=2 =>x2canbeatmost%=%
3

o The variable corresponding to the smaller ratio leaves the basis.

o Thus, x4 leaves the basis. The new basis is x; and x,

PRRERY: B 11 41 /61
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Basis Equations RHS Values
2 5
z) — row z — —x =20
(=) 3 2+6 3
(z1) T+ ga: + 1:r: =4
1 1+ 3%t o7 =
(a2) o2 —estwa=2
To 3:02 6:03 T4 =
o The number % is used to eliminate x, from x;-row and z—row

o This number is referred as pivot element

PRRERY: B 11 42 /61



ETHICIER 2
Basis
(z) —row

(1)

(z2)

Equations RHS Values
+ %;m - %3‘:4 =21
] + 111‘3 — =14 =3
4 2
1 3

3'52—51133"'11'4:5

o What is the current basic solution (corresponding to the data above).

o Is this optimal? - Look at the coefficients of x3 and x4 in z-row.

o They are nonnegative - so the current basic solution is optimal

o What is the optimal objective value?

PRRERY: B

11 43 /61



5t Ut <24

Figure: (0, 0) — (4, O) — (3, 1.5)

PRRERY: B 11 44 / 61



B2 R TRAFPENINA

o AT RIBRI LM B, A FHRERIIAR? — MR Ak
o RETRAMR
» JBft: Degeneracy is a term used for a basic feasible solution having one or
more basic variables at value 0
» 2R
> %%%
» JCf#
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Bugt ot

o Given a solution to an LP problem, one may ask how sensitive the solution is
to the changes in the problem data
» By how much can the RHS of the constraints change without causing changes

in the current optimal basis?
» By how much one or more coefficients in the objective cost may change
without causing changes in the current optimal basis?

o The sensitivity (stability) of the solution provides the answers

o The sensitivity analysis provides us with ranges of possible changes in the
problem data without causing changes in the optimal basis

PRRERY: B 11 47 / 61
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TOYCO production of toys (trains, trucks, cars) that require processing on three
machines

maximize z = 3x1 + 2z + 5x3
subject to x; + 225 + x3 < 430 available time on machine 1
3z, + 223 < 460 available time on machine 2

1+ 4xo < 420 available time on machine 3
z1,72,23 2 0

PRRERY: B 11 49 / 61
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Introducing the slack variables x4, x5, X5 = 0 and using them as initial basis, we
find an optimal solution (table)

Basis =z x» x3 x4 x5 xe RHS Values
z 4 0 0 1 2 0 1350

1 1 1
xz3 2 0 1 0 3 o0 230
T6 2 0 0o -2 1 1 20

Suppose the simultaneous changes occur in the availability of machines; the
problem takes the form
maximize z = 3x1 4+ 222 4+ 5z3
subject to  z1 4+ 270 + 23 < 430 + D1 available time on machine 1
31 + 223 < 460 + D> available time on machine 2

z1 + 4z <420+ D3 available time on machine 3
Z1,%2,23 > 0

What are the ranges of Dy, Dy, D3 that would not change the solution?

PRRERY: B 11 50 / 61



Form an initial table and treat D;, D, D3 as part of the RHS solution

Solution side
Basis 1 o I3 Ta s Ie RHS Values Dj_ D2 D3
z -3 -2 -5 0 0 0 0 0 0 O
Ta 1 2 1 1 0 0 430 1 0O O
Ts 3 0 2 0 1 0 460 O 1 0
T 1 4 0 0 0 1 420 O 0 1

Perform the simplex method - what will the columns D; look like in the optimal
table (at the end of the simplex method)?

PRRERY: B 11 51 /61



Solution side
Basis T o T3 T4 Is Ie6 RHS Values D1 Dz D3
z 4 0 0 1 2 0 = 1350 1 2 0
w2 -2 1 o 1 -1 o = 100 I -1 o0
xzz 2 0 1 0 I 0 = 230 0 10
Te 2 0 0o -2 1 1 = 20 -2 1 1

The basic variables and z—value relations: dependency on D;
z=1350+ D; + 2D,

1 1
xo = 100 + §D1 — ZD2

1
X3=230+§D2
Xe =20 —2D1 + Dy + D5

PRRERY: B 11 52 / 61



The ranges of D; that do not cause the change in the optimal basis are the ranges
for which the solution in the preceding table is feasible:

1 1
X2>0=>100+§D1_ZD2>0

1
X3>0:230+§D2>0

X6 =>0=20—-2D1+D,+ D3>0

o Solving this system of inequalities will give range of values for Di for which
the current optimal basis (x2, X3, Xs) remains optimal.

o The preceding relations also can provide answers on feasibility of the current
basis when only one or only two of the rhs values change i.e., set D; = 0 if
the right-hand side of the i—th constraint has not changed

PRRERY: B 11 53 /61
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TOYCO production of toys (trains, trucks, cars) that require processing on three
machines

maximize z = 3x1 + 2z + 5x3
subject to x; + 225 + x3 < 430 available time on machine 1
3z, + 223 < 460 available time on machine 2

1+ 4xo < 420 available time on machine 3
z1,72,23 2 0

PRRERY: B 11 54 / 61



Suppose the simultaneous changes are to occur in the profits; the problem takes
the form

maximize z = (34 d1)z1 + (2+ d2)z2+ (5+ds3)zs
subject to z7 + 222 + 23 <430

3z + 223 < 460

1 —|— 41‘2 S 420

z1,T2,23 > 0

What are the ranges of di, d>, d3 that would not change the optimal solution?

PRRERY: B 11 55 / 61



Form an initial table and treat d1, d2, d3 as part of the cost

Basis T o T3 T4 x5 xs RHS
z —3—di —2—d» —-5—ds 0 0 0 0

T4 1 2 1 1 0 0 430
s 3 0 2 0 1 0 460
T6 1 4 0 0 0 1 420

Perform the simplex method - what will the “reduced costs” look like in the

optimal table?

PRRERY: B 11
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Basis

T1 T2 T3 T4 Ts

d: 3d. d: d d
z4-2433 ¢ o o014+%22-%24%
T2 —% 1 0 % —%
z3 2 0 1 0 1
Te 2 0 0 -2 1

The optimal table of the original problem
Basis 1 x> 3 Ta Ts Te
z 4 0 0 1 2 0
1 1 1

3 5 0 1 0 5 0
T6 2 0 0 -2 1 1

PRRERY: B 11

Z6

RHS Values

0 1350 + 1004d> + 230d3

0]
0
1
RHS Values
1350
100
230
20

100
230
20

57 / 61



o The ranges of d; that do not cause the change in the optimal solution are the
ranges for which the the preceding table stays optimal

o Since it is maximization, we need the reducd costs to remain nonnegative

d 3ds

(1) 4—f+—2 —d1>0
d
(z,) 1+§zo
ds ds
2-24+=>0
(375) 4‘+‘2_

The optimal value is changing according to the following rule:
z = 1350 + 100d, + 230ds

PRRERY: B 11 58 / 61
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B oR RS

o FMVSRAERS: gurobi, cplex, xpress
o FFEBMH:: coin-or clp, Ipsolve
o FMET H: python+pulp

PRRERY: B 11 60 / 61
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